In a variety of different settings cumulative sum (CUSUM) procedures have been applied for the sequential detection of structural breaks in the parameters of stochastic models. Yet their performance depends strongly on the time of change and is best under early-change scenarios. For later changes their finite sample behavior is rather questionable. We therefore propose modified CUSUM procedures for the detection of abrupt changes in the regression parameter of multiple time series regression models, that show a higher stability with respect to the time of change than ordinary CUSUM procedures. The asymptotic distributions of the test statistics and the consistency of the procedures are provided. In a simulation study it is shown that the proposed procedures behave well in finite samples. Finally the procedures are applied to a set of capital asset pricing data related to the Fama-French extension of the capital asset pricing model.
Introduction
Linear regression models are among the most widely applied stochastic models. The spectrum of their application ranges from purely scientific to practical problems across all disciplines. It is therefore quite obvious how important statistical procedures are which reliably monitor the validity of such models. One example that shows impressively how exogenious shocks may lead to model misspecifications is the recent worldwide economical crisis and its aftermath. Here, shocks in the financial arXiv:1308.1237v1 [stat.ME] 6 Aug 2013 markets led to mispricing of assets and risks due to structural changes in the underlying stochastic models, with fatal consequences for the global economy. A fast detection of such misspecifications is therefore doubtlessly crucial. To achieve such a fast detection, we propose sequential tests which are designed to be less sensitive to the time of change compared to already existing cumulative sum procedures.
Like in many other scientific disciplines, linear regression in the pricing of assets is one of the most common approaches to explain the (linear) relationship between the model variables. E.g., such a linear relation can be used to explain the behavior of an asset price by factors that explain a major part of its variation. Examples for such an approach include the famous and still widely applied capital asset pricing model (CAPM) of Sharpe (1964) and Lintner (1965) and its extension proposed by Fama and French (1993) . This multifactor extension, in contrast to the one-factor CAPM, uses two factors in addition to the market excess return to explain a higher proportion of the variation of the asset price. It will be investigated as a data example in Section 4.
In the literature the change-point problem for linear models has been discussed extensively. While most of the contributions are made from an a-posteriori point of view (we refer to, e.g., Bai (1997) , Perron (2006) and Csörgő and Horváth (1997) ), recently the sequential or on-line change-point detection has received more and more attention. Antoch and Jarušková (2002) give a bibliographical overview of the field of on-line statistical process control. A recent review on the detection of structural breaks in time series, with particular emphasis on CUSUM-type procedures, is given in Aue and Horváth (2013) .
The basis for this work is given in the articles of Chu, Stinchcombe and White (1996) , Horváth, Hušková, Kokoszka and Steinebach (2004) and Aue, Horváth, Hušková and Kokoszka (2006b) who suggest cumulative sum (CUSUM) procedures in different stochastic models. CUSUM procedures work best for relatively early changes but show a slower reaction the later the change occurs. Aue, Horváth and Reimherr (2009) provided the asymptotic normality of the suitably normalized stopping time of the CUSUM procedure in a similar setting as will be considered in this work but only in a relatively small range after the start of the monitoring. The procedures that will be developed here found on an idea of Page (1954) and should give a higher stability with respect to the time of change. Other approaches that tackle this task are so-called moving sum (MOSUM) procedures that were studied by, e.g., Aue, Horváth, Kühn and Steinebach (2012) and Chu, Hornik and Kuan (1995) .
Their drawback is a strong dependence on the choice of the parameters, in particular the right choice of the window size by the statistician.
For the applicability to, e.g., financial problem settings we want to explicitly allow for certain dependencies, i.e. we will include many of the commonly applied time series models for the error terms as well as for the regressors in our setting. Other contributions assuming dependencies are given by, e.g., Schmitz and Steinebach (2010) who considered strongly mixing error terms in a linear model or Hušková, Prášková and Steinebach (2007) who studied autoregressive time series in a closed-end setting.
The paper is organized as follows. In Section 2 the linear model and the underlying assumptions are introduced. Section 3 contains the definition of the detectors and stopping times as well as the results on the asymptotic distribution under the null hypothesis and the asymptotic consistency of the procedures. In Section 4 we will present a simulation study and the results of an application of the procedures to the aforementioned Fama-French model. We conclude the paper with the proofs of our main results in Section 5.
Model description and assumptions
Consider the linear model:
where x i is a p × 1 random vector and β i ∈ R p .
We assume that for the first m observations the so-called "noncontamination assumption" (cf. Chu et al. (1996) ) holds, i.e.
As mentioned before, the constancy of the regression parameters β i in time should be tested which leads to the null hypothesis
We consider alternatives of one abrupt change in the regression parameter at an unknown changepoint, i.e.
The detection procedures to be presented here will be defined via stopping times τ (m) (the detailed definition is postponed to Section 3 of this article) chosen in such a way that under the null hypothesis:
and under the alternative
We assume the following conditions on the regressors and the error terms:
For every m there are independent Wiener processes {W 1,m (t) : t ≥ 0} (A.5)
and {W 0,m (t) : t ≥ 0} and a constant σ > 0 such that
6) with some ξ < 1/2.
The above stated assumptions on the regressors and error terms are satisfied for a variety of important stochastic models. For examples we refer to Aue et al. (2009) who showed that (A.1) and (A.4) are satisfied for, e.g., i.i.d. sequences, linear processes or augmented GARCH sequences. The latter were introduced by Duan (1997) and include most of the conditionally heteroskedastic models used in practice. For a collection of examples belonging to this class we suggest the papers of Aue, Berkes and Horváth (2006a) and Carrasco and Chen (2002) . Concerning the error terms Aue et al. (2006b) provided the proof of (A.5) again for augmented GARCH sequences under appropriate assumptions, Aue and Horváth (2004) give further examples, besides the i.i.d. case, including martingale difference sequences and stationary mixing sequences.
All procedures treated in this work are based on the behavior of the residuals of the model
where β m denotes a √ m-consistent estimator for β from the data (y 1 , x 1 ), . . . , (y m , x m ). In the sequel we will byσ m denote a weakly consistent estimator for the parameter σ from Assumption (A.5).
The estimation of this parameter will be discussed later in detail.
Sequential testing procedures and asymptotic results
Many sequential detection procedures in the literature are constructed as first passage times of a so-called detector over a certain boundary function. For example proposed as a detector the (ordinary) CUSUM of the residuals, i.e.
Q(m, k) = m<i≤m+kε i , k = 1, 2, . . . , and Q(m, 0) = 0,
and as a boundary function
with 0 ≤ γ < 1/2 (3.8) and c = c(α, γ) such that (2.3) holds. It should be noted that in the sequel of this article we use the convention b i=a c i = 0 for a > b and all real c i . The first procedure we want to introduce goes back to an idea of Page (1954) and we define the detector
where
Q(m, i) and
The corresponding stopping time is then given by
where inf ∅ = ∞ and the constant c = c(α, γ) in the definition of h α,γ can be derived from Theorem 1 below.
Theorem 1. Assume that (2.2), (A.1) -(A.5) and (3.8) hold. Then under the null hypothesis we have, for c ∈ R,
where {W (t) : t ≥ 0} is a standard Wiener process. Page (1954) proposed a detector of the type Q u P (m, k) for one-sided change-in-the-mean alternatives. In the case of a linear model this detector is appropriate for alternatives with ∆ T d > 0, where the vector d was introduced in (A.4). The corresponding asymptotic result under the null hypothesis for these one-sided detectors is given in Theorem 2.
Theorem 2. Assume that (2.2), (A.1) -(A.5) and (3.8) hold. Then under the null hypothesis we have, for c ∈ R,
where {W (t) : t ≥ 0} is a standard Wiener process.
From this result again the critical value c(α, γ) can be derived for the two one-sided detectors. We will denote this critical value by c 1 = c 1 (α, γ) and for the two-sided detector by c 2 = c 2 (α, γ). Under the alternative hypothesis the detectors diverge as the following theorem shows. 
Theorem 3 gives a sufficient condition that guarantees (2.4). In Section 4 tables with simulated critical values for selected values of α and γ can be found for the functionals
By construction, the Page CUSUM detector should be less sensitive to the time of change compared to the ordinary CUSUM detector. This stability can be achieved for other CUSUM-type detectors by applying the construction principle from above. In the sequel of this section we will illustrate this in the context of the latter linear model for the CUSUM of squared residuals. Their use is motivated by the additional assumptions on the magnitude of change (i.e. d T ∆ ≷ 0 resp. d T ∆ = 0) for the above developed procedures. These guarantee their consistency but are quite restrictive. Under additional assumptions on the error terms we can modify the presented procedures which allows to drop these assumptions on the magnitude of change. In this context we want to refer to the work of Hušková and Koubková (2005) who with the same intention developed monitoring procedures based on quadratic forms of weighted cumulative sums.
Aside from the linear model, CUSUMs of squared residuals are of use in other situations as well.
E.g., Aue, Dienes, Fremdt and Steinebach (2013) show their applicability to the detection of general parameter changes in autoregressive moving average time series where ordinary CUSUM procedures may only be used to detect changes in the mean of such time series.
We analogously define the Page detectors based on the cumulative sum of squared residuals via
and
2 , k = 1, 2, . . . , and S R (m, 0) = 0. Aue et al. (2006b) showed similar results on the squared prediction errors using the following additional assumptions:
{ε i } is an orthogonal martingale difference sequence with respect to a filtration {G i } with Eε
There exist a positive definite matrix C and a constant κ > 0 such that
Furthermore, they assumed that for every m there exist independent Wiener processes {W 3,m (t) : t ≥ 0} and {W 4,m (t) : t ≥ 0},
with some ζ < 1/2 and η from (A.7). Combining the techniques of Aue et al. (2006b) and from the proof of Theorem 1 it is obvious that similar asymptotic results hold for these procedures:
as well as (3.10) and (3.11)
hold. Then under the null hypothesis we have, for a real number c and a standard Wiener process
The parameter η in the statement of Theorem 4 can be replaced by a weakly consistent estimator η m . Aue et al. (2006b) pointed out that the Bartlett estimatorη 2 B,m for η 2 under the conditions of Theorem 4 satisfiesη 2 B,m → η 2 (in probability) and can therefore be applied in the general setting of this section. The same arguments hold for the estimation of σ. However, it should be noted that the quality of the estimators affects the finite sample behavior of the procedures. This will be discussed in Section 4.
Under the alternative hypothesis without additional assumptions on the magnitude of the change we again have the desired divergence.
) as well as (3.10) and (3.11)
Analogous results to those of Theorems 4 (with the corresponding limit distributions from Theorem 2) and 5 hold for the detectors S u P (and S R ). However, as we will see in Section 4, these show a poorer finite sample behavior than the detectors S P and | S R |.
One drawback of the detectors S P , | S R |, S u P and S R is that the assumption on the existence of a constant σ is crucial to the testing procedure. It can be seen easily that, due to its construction, the procedure is also sensitive towards changes in σ, i.e. in case of constant β i but a change in σ(= σ i ) the testing procedure would decide that there has been a change in the β i with probability one. This sensitivity exists as well for the further introduced procedures, although in a weaker sense, i.e. in the derivation of the critical values which is also strongly dependent on the assumption of a constant σ. But, since in general practitioners are concerned with the validity of their underlying model, the detection of a switch in the regime, including β i as well as σ, is of great interest to them.
Simulations and an application to asset pricing data
In this section the results of a simulation study are presented that was performed to confirm the theoretical results from Section 3. Furthermore it should show that the proposed monitoring procedures have the desired properties. With regard to the application to the Fama-French model and its financial context the carried out simulations will focus on GARCH regressors. We will first consider the asymptotic results from Section 3 and provide the empirical sizes under the null hypothesis. A comparison of the detection properties of the different procedures in finite samples concludes the simulation study and highlights the advantages of the newly developed sequential tests. The last part of this section will then contain the results of an application of our monitoring procedures to a data set made publically available by Kenneth R. French on his website (cf. French (2011) ).
To establish (2.3) for the suggested procedures it is necessary to determine the critical values from the definition of h α,γ in (3.7) using the statements of Theorems 1, 2 and 4. The critical values c 1 (γ, α) and c 2 (γ, α) for the functionals
for selected values of α and γ, can be found in Table 1 and Table 2 , respectively. These were simulated with 100,000 replications of an approximation of a Wiener process generated on a grid of 100,000 points. provided the simulated critical values for the functional sup 0<t<1 |W (t)|/t γ . For γ = 0 we calculated these critical values numerically using the series repre- Table 2 : Critical values c2 = c2(γ, α) simulated on a grid of 100,000 points with 100,000 replications.
from, e.g., Csörgő and Révész (1981) , Theorem 1.5.1, to find: 
Simulation results
The simulations were performed for a selection of the above mentioned models satisfying our assumptions (cf. Aue et al. (2009) , Aue and Horváth (2004) ), but since all gave similar results, we only present the results for our model (2.1) with p = 2, x 2,i according to a GARCH(1,1) model and independent normally distributed errors ε i with σ 2 = 0.5 (in this specification σ = η to achieve a better comparability of the procedures based on ordinary and squared residuals under the alternative). We followed Aue et al. (2009) and chose the specification of the GARCH(1,1) model as Table 3 : Empirical sizes of the Page CUSUM procedures for 5000 replications with a monitoring horizon of N = 5m. 
For the simulations we chose d 2 = 1 and used the OLSE to estimate β 0 . Due to the uncorrelated error terms in this model, the OLSE for the parameter σ from Assumption (A.5), i.e.,
, and the corresponding estimator for η could be utilized as well. As mentioned above, in the general setting of this paper the Bartlett estimator is a consistent estimator in the case of correlated error terms. However, simulations have shown that due to a slower convergence of the estimator, size distortions can be observed under the null hypothesis.
Consequently, larger training samples are needed to achieve satisfying results.
The length of the training period m was chosen as m = 100, 200, 500 and 1000, the number of replications as 5000. For the tuning parameter γ the values were set to γ = 0.00, 0.25, 0.49. Table 3 shows the empirical sizes of the testing procedures based on the detectors Q P and Q u P under the null hypothesis with β 0 = (1, 1) T taking N = 5m observations after the end of the training period. It can be seen that for all parameter combinations the sizes remain conservative for short as well as long training periods. A similar behavior was observed for the procedures based on the ordinary CUSUM and the corresponding results are therefore omitted here.
The conservative nature of the empirical sizes from Table 3 cannot be found for the procedures based on the squared residuals. In Table 4 the corresponding empirical sizes are displayed which show a reasonable behavior for small values of γ. With increasing γ the size of the training period has to increase as well to find satisfactory results. This can again be explained by the estimation error for the parameter η and the higher sensitivity of the boundary functions at the beginning of the monitoring for larger values of γ. For γ close to 1/2 the empirical sizes exceed the significance levels even for the larger sample sizes. This effect of a slower convergence should be taken into account by practitioners choosing the value of γ and an adaptation of the procedure to include the variation of the estimator for small samples may be considered. The detectors S P and | S R | show a nicer behavior for small samples compared to S u P and S R (which once more is due to the estimation error mentioned above). On the other hand we will see later that these procedures provide better behavior regarding the speed of detection.
To investigate the behavior of the proposed procedures under the alternative hypothesis, extensive simulations were performed for a collection of different parameter settings. We will again only give a selection of the obtained results. Since we are interested mainly in the comparison of the speed of detection of the Page CUSUM procedures with the ordinary CUSUM procedures we will comment only briefly on the power properties of the proposed procedures. The question whether a change is detected by these procedures in this open-end setting is not as interesting with regard to the comparison of ordinary and Page CUSUM. To explain this, we again refer to the construction of the procedures.
The drift induced by a change is similar for both types of procedures and the boundary functions only differ by a constant. Therefore, due to the infinite monitoring horizon, the power will be similar for both types of procedures. The results of our simulations confirm this and in this matter we refer to the literature on ordinary CUSUM procedures. We will therefore continue with the comparison of the speed of detection.
Changes occurring at k * = 1, m, 5m were considered and the monitoring was terminated at the latest after N = k * + 2000 observations (which guarantees the detection of the change in all cases). The model setting under the null hypothesis described above was used and with regard to Theorems 3 and 5 we chose two types of changes, ∆ 1 = (0, 0.5) T and ∆ 2 = (−0.8, 0.8) T , and will denote the corresponding alternative hypothesis by H 1 and H 2 . With the specification of H 1 the above mentioned drift terms for ordinary and squared residuals are equal and a better comparability of these procedures is achieved. H 2 was chosen to satisfy d T ∆ = 0 and therefore shows that the procedures based on squared residuals perform well in this case while the procedures based on ordinary residuals
are not able to detect the change. However, the differences in the performance and applicability of the testing procedures based on ordinary residuals and those based on squared residuals should also be discussed briefly. We want to make clear that the performance strongly depends on the magnitude of change. For example due to their construction it can be seen from the respective drift terms that the procedures based on quadratic residuals show a slower reaction under slight changes with d T ∆ = 0 than the procedures based on ordinary residuals whereas under larger changes for the same reason the opposite is true. In addition, the influence of the parameters σ and η on the drift has to be taken into account. Depending on the application in practice a combination of the two procedures may be considered to balance the advantages and disadvantages of the two types of procedures.
We now want to illustrate that the procedures based on the Page CUSUM show a higher stability The density estimates show clearly that for a change immediately after the end of the training period, as could be expected, there is only a slight difference between the procedures based on Page's CUSUM and those based on the ordinary CUSUM. In this case, a choice of γ close to 1/2 gives the best results.
For intermediate changes it is obvious that the Page CUSUM procedures show a better behavior than the ordinary CUSUM procedures for both ordinary and squared residuals. This effect gets stronger the later the change occurs as can be seen in the bottom rows. For intermediate changes a choice of γ = 0.25 gave the best results, for late changes γ = 0 is the appropriate choice. This observation which reflects the role of the parameter γ has already been discussed in, e.g., .
As mentioned before, the procedures based on ordinary residuals are not applicable under the alter- native H 2 . We will therefore only present the density estimates for the procedures based on squared residuals which can be found in Figure 3 . The obtained results are similar to the results under H 1 regarding the comparison of Page and ordinary cumulative sums for all sample sizes. Therefore we only present these for m = 1000 and γ = 0 (where a reasonable behavior under the null hypothesis for all detectors was observed). The density estimates show that the detectors S R and S u P detect changes faster than | S R | and S P . However, due to the slower convergence to the asymptotic distribution under the null hypothesis (cf. Table 4), their application on the basis of smaller training periods is not recommended.
As a conclusion of this small simulation study, we find that the proposed procedures in early-change scenarios show a similar behavior to ordinary CUSUM procedures. Yet, their advantage lies in the behavior in scenarios that include a later change. In this case the Page CUSUM procedures detect changes faster and therefore overall show a higher stability regarding the time of change. The procedures based on squared residuals need stronger moment assumptions but they work in contrast to the procedures based on ordinary residuals even under orthogonal changes. The Page CUSUM shows for these a similar behavior and can therefore be recommended. Nevertheless the procedures based on ordinary residuals in general detect small, non-orthogonal changes faster and can therefore still be of great use in practice.
Data application: The Fama-French asset pricing model
In this subsection, we first want to briefly describe the asset pricing model of Fama and French (1993) .
This model tries to explain a higher proportion of the variation in the prices of asset portfolios by introducing additional factors to the capital asset pricing model of Sharpe (1964) and Lintner (1965) .
For illustration purposes, we will then apply the monitoring procedures introduced in Section 3 to a data set consisting of daily data for 2 asset portfolios considered by Fama and French (1993) and the corresponding factors in the economic crisis of the years 2007 and 2008. The economic context of the latter asset pricing model may be found in Fama and French (1996) , Kothari, Shanken and Sloan (1995) and MacKinlay (1995) . For further discussion of the testing of asset pricing models for the constancy of their parameters, we want to refer, e.g., to Garcia and Ghysels (1998) or Aue, Hörmann, Horváth, Hušková and Steinebach (2012) . Fama and French (1993) investigated the influence of risk factors besides the market excess return on an empirical basis to explain the cross-section of average returns. As a consequence, they formulated the three-factor model for the excess return of a portfolio i via 12) where R f is the one month Treasury bill rate, R M is the return on the market (calculated as the value-weight return on all NYSE, AMEX and NASDAQ stocks), SMB and HML are the so called size and book-to-market factors. For a complete description of the derivation of these factors and how they are calculated we refer to Fama and French (1993) , Fama and French (1996) and the website of Kenneth R. French (cf. French (2011) ) where the underlying data set can also be found. For our analysis we use the data of the time period June 9, 2004 , to March 16, 2009 (1200 .
As responses of this regression model we will exemplarily consider two portfolios out of a set of 25 portfolios formed according to a categorization by size and book-to-market. For the construction of these portfolios we again refer to Fama and French (1996) . Fama and French (1993) claim that the excess returns of these portfolios over the market are well explained by (4.12). For our concerns the categorization underlying the construction is not of importance, we will consequently denote the portfolios by Portfolio 1 and Portfolio 2. In Figure 4 the time series plots of the responses R 1 − R f and R 2 − R f can be seen. Figure 5 contains the corresponding plots for the regressors R M − R f , SM B and HM L, showing obviously conditionally heteroskedastic patterns. The stopping times of detectors Q P , | Q|, S P , | S R |, S u P and S R are displayed in Table 5 . For the tests we used α = 0.1 and γ = 0.25. The length of the training period was set to m = 600 (i.e. until October 24, 2006, which is a relatively stable period at the markets).
For Portfolio 1 all procedures detect a change in the regression parameter. The stopping times of all detectors lie between August and December 2007 and thus at the beginning of the crisis. As already observed in the simulations, the Page CUSUM detectors perform superior to their ordinary CUSUM counterparts for all types of procedures. In Portfolio 2 we find a different scenario. While the procedures based on squared residuals again detect a change in the model, the procedures Q P and | Q| do not react. With respect to the theory developed in the previous sections, this suggests either an orthogonal change or a change in the variance of the residuals. To further investigate this, we consider the corresponding a-posteriori CUSUM tests for the combined training and monitoring period to estimate the time of change. Table 6 shows the segment estimates for the two portfolios.
For Portfolio 1 the estimates support the result of the test and show a considerable difference. For Portfolio 2 the difference of the estimates is rather small, which points to a change in the variance. This is underlined by the residual time series plot in Figure 6 where an elevated variation can be seen in the second segment.
As a conclusion we find that these real life data confirm our observations from the simulation study.
The Page CUSUM procedures show a superior behavior to the ordinary CUSUM procedures. With the findings of the simulation study we therefore in general suggest the use of the Page procedures.
Proofs

Proof of Theorem 1
Because of the similarity of the arguments in the proofs of Theorems 1 and 2 we only provide the proof of Theorem 1. The proof is based on a stepwise approximation of the detector Q P (m, k) from Portf. No. in the first step and for every m via the following functional of independent Wiener processes {W 1,m (t) : t ≥ 0} and {W 0,m (t) : t ≥ 0} in the second step:
If not stated otherwise the asymptotics in the proofs are always assuming m → ∞.
Lemma 1. If the conditions of Theorem 1 are satisfied then
where Q P was defined in (5.13).
Proof: We have
It is therefore sufficient to show
Using the identities 
In (5.15) the first equality follows from the definition ofε i and (A.2). By Markov's inequality and (A.4) it is clear that we can find 1/2 ≤ ρ < 1 such that Wiener processes {W 1,m (t) : t ≥ 0}, {W 0,m (t) : t ≥ 0} such that
First the term
where Q P and W P are as defined in (5.13) and (5.14), respectively.
Proof: By similar estimations as in the proof of Lemma 1
and hence with assumption (A.5)
where the last equality was shown in the proof of Lemma 3 of Aue et al. (2006b) .
Proof of Theorem 1
The distribution of {(W 1,m (t), W 0,m (t)) : t ≥ 0} does not depend on m and therefore the index can be omitted, i.e. we write {(W 1 (t), W 0 (t)) : t ≥ 0} instead. Due to the scaling property of the Wiener process we have
and together with u(t) = (1 + t) (t/(1 + t)) γ the following functionals of the Wiener processes W 0 and W 1 :
Note that
The next step is to show:
We divide the proof of (5.18) into two steps and show (i) For any T > 0:
and
(ii) For almost every ω ∈ Ω there exists a positive integer T = T (ω) such that
The first claim is immediate from the a.s. continuity of R P (t) on [0, T ] (with R P (0) = 0). For the second claim we get for any T > 0
For A 1 we have for any T > 0
By Theorem 1.2.1 of Csörgő and Révész (1981) for all ε > 0 there exists a T = T (ω) > 0 independent of m such that
Consequently for almost every ω ∈ Ω there exists a T 1 = T 1 (ω) > 0 with
For A 4 with Theorem 1.3.1* of Csörgő and Révész (1981) we get similarly that for almost every ω ∈ Ω there exists T 2 = T 2 (ω) > 0 (again independent of m) such that Finally we have for almost every ω ∈ Ω and with T := max(T 1 , T 2 , T 3 ) that sup mT ≤k<∞ R P (m, k) − sup T ≤t<∞ R P (t) < ε, since clearly sup mT ≤t<∞ R P (m, t) = sup T ≤t<∞ R P (t) for every m. Putting these together we get By computing the covariance functions it can be shown that {W 1 (t) − tW 0 (1) , 0 ≤ t < ∞} D = {(1 + t)W (t/(1 + t)) , 0 ≤ t < ∞} , where {W (t), 0 ≤ t < ∞} is again a Wiener process (cf. ). We conclude The proof can now be completed by taking the weak consistency of the estimatorσ m into account.
Proof of Theorem 3
We only prove part a) of Theorem 3, parts b) and c) then follow immediately. Since 
Proofs of Theorems 4 and 5
Aue et al. (2006b) showed similar results for the squared prediction errors. In case of a one-step prediction, the prediction errors are the recursive residuals, i.e. in the notation of Aue et al. (2006b) ,
These results hold as well when the recursive residuals are replaced by the ordinary residualsε i . Therefore the proofs are a combination of the proofs in Aue et al. (2006b) with the arguments in the proofs of Theorems 1 and 3. It should be mentioned that the drift term under H A is determined by ∆ T C∆ and therefore positive even under d T ∆ = 0. 
